DOI:10.21276/sjeat

Saudi Journal of Engineering and Technology

Scholars Middle East Publishers
Dubai, United Arab Emirates
Website: http://scholarsmepub.com/

ISSN 2415-6272 (Print)
ISSN 2415-6264 (Online)

Original Research ArticleJ

A study of First geometric-Arithmetic Index with Chemical Applications
Ammar B. Habeb, A.M. Khalaf
Department of Mathematics, Faculty of Computer Science and Mathematics, University of Kufa, Najaf, IRAQ

*Corresponding Author:
A.M. Khalaf
Email: abduljaleel.khalaf@uokufa.edu.ig

Abstract: The first geometric-arithmetic index G A7 is found to be useful in compute the numerical value of certain

graphs and chemical graphs, which is defined as GA; = ZquE(G)

2,/dyd
=7 We denotes d_uthe degree of
dy+dy

vertexuinG.In this paper,we present the general formula for the first geometric-Arithmetic Index for certain graphs and

k_r-gluing graphs.
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INTRODUCTION

Mathematical calculations are absolutely
necessary to explore important concepts in chemistry.
Mathematical chemistry is a branch of theoretical
chemistry for discussion and prediction of the
molecular structure using mathematical methods
without necessarily referring to quantum mechanics.
Chemical graph theory is an important tool for studying
molecular structures. This theory had an important
effect on the development of the chemical sciences one
of these tools is topological indices [8, 10].

Topological indices are one of the main
theoretical tools for studying molecular properties of
chemical compounds. The definition of topological
index is a numerical value associated with chemical
constitution for correlation of chemical structure with
various physical properties, chemical reactivity or
biological activity [7, 16].

we need to recall a few concepts from
chemical graph theory Let G be a molecular graph. Two
vertices of G, connected by an edge, are said to be
adjacent. If two vertices u and v are adjacent, we shall
write u ~ v. The number of vertices of G, adjacent to a
given vertex v, is the degree of this vertex, and will be
denoted by d, (G), The concept of degree in graph

theory is closely related (but not identical) to the
concept of valence in chemistry [2,11-15].

First geometric-Arithmetic Index has been
proposed in 2009 by D. VukiCeviC and B. Furtula. they
analyzed some of its basic mathematical properties and
proved that GA, to be better than well-known RandiC
index. GA,is defined as :-

GA, = Z 2,/d,d,

uveE(G) du + dv

We denotes d,, the dgree of vertex u in graph
G, The chemical applicability of the GA, index was
examined and documented in detail in the paper [6], and
the reviews [1,4].

Nowadays many new chemical compounds
have been constructed and we need to study the
chemical properties of these compounds. This process
require a long time and expensive. So this paper is
organized as follows. In Section 2, we specify the
notation used and provide the necessary definitions. In
Section 3, we will present the general formula for
GA,Index to the Some Special Graphs,k-bridge graph,
web graph, wheel graph. In Section 4 and 5 we obtain
general formula for GA, Index to vertices gluing of
graphs.
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figure 1. We call G a k,-gluing graph of G,and G, and

2. Basic Definition and Known Result denoted by £[G; U, G,] the family of all k, -gluing

Suppose G,and G,are graphs each containing a graphof G, and G, . In particular where r=1
complete sub—graph k. (r>=1), Let G be a graph (resp. r=2) we say G is vertex-gluing graph
obtained from the union of G;and G, by identifying the (resp. an edge-gluing graph) of G,and G..

two subgraphs k, in any arbitrary way as shown in

Ky gining

Fig-1: k.-gluing graphof G, and G,.

A graph is said to be complete if any two of its
vertices are adjacent. The complete graph of order n is
denoted by k,, (see Figure. 2).

Fig-2: complete graph (k).

A web graph W(,, ) is the graph obtained from
the Cartesian product of the cycle C, and the path B,
(see Figure. 3).

.AIIII..

. EEsmswmN .
Fig-3: web graph W ;, )

A wheel W, is a graph of order n,n > 4 adjacent to each vertex of the cycle i.e. C,,_; + k; (see
obtained from the cycle C,,_, by adding a new vertex v Figure. 4).

Available Online: http://scholarsmepub.com/sjet/ 241



http://scholarsmepub.com/sjet/

Ammar B. Habeb et al.; Saudi J. Eng. Technol.; Vol-2, Iss-7(Jul, 2017):240-250

dAN

ANZ

Fig- 4.W5.

A graph consisting of s paths joining two
vertices is called a k-bridge graph, which is denoted by
6(ay, ..., a;), Where a4, ..., a;are the lengths of k paths.

4
@ wm— ) == -

| /._._

Clearly a k-bridge graphis a generalized polygon tree
(see Figure.5).
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Fig-5: k-bridge graph.

We first give some examples of GA,index for
certain graphs. Let B,, S, C, and K,, be the path, star,
cycle and complete graphs respectively with n vertices.

Example 2.1. Consider the complete graph k,, of order
n. The first geometric—arithmetic index of this graph is
computed as follow :-

nn-—1)

GA; (kn) = 2

Example 2.2. Suppose C, is a cycle of length n labeled

by 1,2,..,n Then
the first geometric—arithmetic index of this cycle is:-
GA,(C)) =N

Example 2.3. If S,, is the star on n vertices, then

2{/(n—-1)3
EE—

GA;(Sp) =

Example 2.4. If P, is the Path on n vertices, then

3. First Geometric-Arithmetic Index of Some Special
Graphs

In this section, we present the general formulas for
some special graphs.

Theorem 3.1. Let n,mbe positive integers.then, the
first geometric-arithmetic index of web graph W,
is:-

GA (Winm))

n(2m —1). ifm=12andn=12,..

V12
kn(Zm -3)+ 4n7. ifm=3 andn=12,..
Proof. We have two cases:
Case 1. If m=1 or m = 2 then, We have cycles

containing n(2m — 1) edges, and all edges in this case
it have two vertices the same degree two or three.

Hence by the definition of first geometric—arithmetic
index, we get:

1. ifn=2
! theGA, for each one of all edges equal to one (= ——= d“dd"
GA,(pn) = "3 1. then al
(n—3)+T. ifn>3
Available Online: http://scholarsmepub.com/sjet/ YY)
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2./dy - d
GA;(Waymy) = n(2m — 1) ———— At d,
GA;(Wimy) =n(2m —1) - 1, then
GA;(Wimy) = n(2m — 1). ifm=1,2
Case 2. If m =3 then, We have cycles containing
n(2m — 3) edges, and all edges in this case it have two
vertices the same degree three or four, and (2n) of the

edges link the vertices of cycles [all of them are
incident on two vertices of degree three and four], then

Viz
GA(Wenmy) =n(2m —3) + 4n="=

3.

ifm>=

Theorem 3.3. Let n,m be positive integers. Then, the
first Geometric - Arithmetic Index of complete bipartite

graph k,, ,,, is
2(nm)vVnm

GAy (knm) = par—
Proof. In complete bipartite graph k,, ,,, there are nm
edges, all of them are incident on two vertices of degree
n and m.
Hence by the definition of first geometric—arithmetic
index, we get:

VARRVAER
. ./\

2(nm)vnm
GAl(kn,m) = n+7m

K
Theorem 3.4. Let be a positive integer, the first
Geometric - Arithmetic Index of a k — bridge graph

denoted by 8(a,, a,, ..., ay) is:-
V2k
GA(8(ay, ay, ..., @) = (m — 2k) + 4k s

Proof. We have (m — 2k) edges, and all of them have
two vertices the same degree two, and (2k) of the edges
are incident on two vertices of degree two and k, then

ak)) =(m-—2k) + 4kﬂ.

GA,(8(ay, ay, ..., s

4. First Geometric-Arithmetic Index of Certain
Vertex Gluing Graphs

In this section, we present the general formulas for first
Geometric-Arithmetic Index to the vertices Gluing
graphs.

Let G be the graph obtained from the vertex-gluing of
two cycles C,, and C,,, and denoted by £[C,, U, C,,], (see
Figure. 6).

.,

Flg -6: vertex -gluing of £[C,, U; C,,.]

Theorem4.1. Letn, mbepositive integers. Then, the first
Geometric - Arithmetic Index of the vertex-gluing of
two cycles of €[C,, U; C,, Jis:-

Aq (s C

Proof. We have (n + m — 4) the numbers of edges, all
of them are incident on a vertices the same degree two,

Cm>=(n+m—4)+8?.

and (4) of them are incident on two vertices of degree
two and four, then

GA1<S CnUCmD=(n+m—4)+8§.

1
Let G be the graph obtained from the edge-gluing of
two cycles C,, and C,,, and denoted by £[C,, U, C,,], (see
Figure. 7).
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Fig-7: edge-gluing of £[C,, U, C,,,]
Theorem 4.2. Let n,m be positive integers. Then, the incident on a vertices the same degree three, and (4) of
first Geometric - Arithmetic Index of the edge-gluing of them incident on a vertex of degree two and a vertex of
two cycles [C,, U, C,,] is:- degree three, then

CnUle>=(n+m—5)+8§.

GA, (s [CHUCmD = (n+m—5)+8§. GA, (e
2

2
Let G be the graph obtained from the vertex-gluing of

Proof. We have (n + m — 5) the numbers of edges are the two k -Bridge graphs 6, and 6, denoted
incident on a vertices the same degree two, one of them by (6, U, 8,], (see Figure. 8,9).

-

Y

Fig-8: vertex -gluing by head of [0, U; 0,].

)

Theorem 4.3. Let n,m be positive integers. Then, the
GA,| €
1

first Geometric - Arithmetic Index of the vertex-gluing
by head of [6, U, 6,] is:-

A zkl

=(m—2(ky + k) + 2k ——

+ 2k 2k
2k, + 2
J2(k, + k
+2(k1+k2)M

ki +ky,+2°

Proof. We have (m —2(k, +k,)) the numbers of
edges, all of them have at least one vertex of degree

Available Online: http://scholarsmepub.com/sjet/ 244
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two, (k,) of them incident on a vertex of degree two
and a vertex of degree k,, (k,) of them incident on a
vertex of degree two and a vertex of degree k,, and

GA, (e 0, U 92D

1

NeT

1

2(ky + ky)———.
20k + k) ky +ky + 2
Theorem4.4. Let n,m be positive integers. Then, the
first Geometric - Arithmetic Index of the vertex-gluing
by side of €[0; U, 0,] is:-

)

1

=(m—2(ky + ky))

ki + 2

+ 4k, — 1)

+4(k, — 1)

(k, + k) of them incident on a vertex of degree two
and a vertex of degree (k, + k).

Hence by the definition of first geometric—-arithmetic
index, we get:

Proof. We have (m —2(k, +k;)) the numbers of
edges, all of them have at least one vertex of degree
two, 2(k, — 1) of them incident on a vertex of degree
two and a vertex of degree k,, 2(k, — 1) of them
incident on a vertex of degree two and a vertex of
degree k,, (2) of them incident on a vertex of degree
four and a vertex of degree k,, and finally (2) of them
incident on a vertex of degree four and a vertex of
degree k.

Hence by the definition of first geometric—arithmetic
index, we get:

()

=(m=2(k; + k)

J2k; 4 J4k,

+4(k, — 1)

4k, — 1
4k, )k2+2 ki +4
+4“4k2 ' b, =2
k, +4 if an, by =

L J
Fig-9: vertex-gluing by side of £[6; U4 0,].

Let G be the graph obtained from the edge-gluing of the
two k-Bridge graphs 6, and 8, denoted by £[6; U, 6,],
(see Fig.10,11,12,13).

Theorem4.5. Let n,m be positive integers. Then, the
first Geometric - Arithmetic Index of the edge-gluing
by head of ¢[6, U, 6,] is:-

1. If a, and b,, =2, then
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01{ )02

GA, (e

)

=(m-—2(k; +ky)—1)

1+ 2

J__

+200 - DS

+2(k1 + kz — 2) —“Z(kl-|-k2_)

+2<ﬂ3(k1+k2 _1 \[3k1

A3k
+ .
3+k,
2 If a, and b,, = 3, then

GA,| €16, 0,
(U
=(m-—2(k;+ky)+1)

20k = 1)

2(ky + ky —2) ——m—F———
T2k + ey = 2) kg +ky + 1
3. If a, =2 and b,, =3, then

(gD

: = (m—=2(ky + k) + 2(ky

I 3
k+2 k43
NG

2~
+ 5

J20 + K, — D)

2,/3(k1 Tk —1)

ky +k, +2

Proof. We have three cases:

Case 1. We have q;,i=123,..,n, a,=2 and
b;, i =1,23,..,m, b, =2 the numbers of edges.
Therefore, we have (m — 2(k; + k,) — 1) of them
incident on a vertex of degree two, (k; — 1) of them
incident on a vertex of degree two and a vertex of
degree k,, (k, — 1) of them incident on a vertex of
degree two and a vertex of degree k,, (k; + k, — 2)of
them incident on a vertex of degree two and a vertex of
degree (k, + k, — 1), one of them incident on a vertex
of degree three and a vertex of degree (k; + k, — 1),

one of them incident on a vertex of degree three and a
vertex of degree k,, and finally one of them incident on
a vertex of degree three and a vertex of degree k.

now by the definition of first geometric—arithmetic

index, we get:
)

GA, (e
L S m-20k + k) - 1)

/7,

V2(ki +k; — 1)

(,/3(1(1 +ky,—1) \/ﬁ

+2(k, — 1)

1k, +2 3%k

+ s ifa,, by, =2

Case 2.We have a;, i =123,..,n, a, =3 and
b, i=1.23,..,m, b, =3 the numbers of edges.
Therefore, we have (m —2(k, +k,) + 1) of them
incident on a vertex of degree two, k, of them incident
on a vertex of degree two and a vertex of degree k;,
k,of them incident on a vertex of degree two and a
vertex of degree k,, (k, + k, — 2)of them incident on a
vertex of degree two and a vertex of degree (k; + k, —
1), one of them incident on a vertex of degree three and
a vertex of degree (k, + k, — 1), and finally two of
them incident on a vertex of degree two and a vertex of
degree three. Hence by the definition of first geometric—
arithmetic index, we get:

Tl

= (m—2(k; + k) + 1)
V2ky J2k,
2y 2
+2,/3(k1 Yk, —1)
Ky +ky + 2
V20 +ky — 1)

+2(ky + ky— 2)

V6
+4?; If a, and b, =3

Case 3. We have a;, i=123,..,n, a,=2 and
b, i=1.23,..,m, b, =3 the numbers of edges.
Therefore, we have (m —2(k, + k;)) each one of
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them has two vertices that have the same degree two,
(k, — 1) of them incident on a vertex of degree two and
a vertex of degree k,, one of them incident on a vertex
of degree three and a vertex of degree k,, k,of them
incident on a vertex of degree two and a vertex of
degreek,, one of them incident on a vertex of degree
two and a vertex of degree three, (k; + k, — 2) of them
incident on a vertex of degree two and a vertex of
degree (k; + k, — 1), and finally one of them incident
on a vertex of degree three and a vertex of degree
(k; +k, — 1).

Hence by the definition of first geometric—-arithmetic
index, we get:

GA, (2 6, U HZD

2
=(m- 2(k1 + kz)) + 2(k,
k1+2 k1+3+2k2
V6 V2@&k, +k, — 1)
21/3(k1 +k2 - 1)

=2andb,, =3

; if a,

Theorem 4.6. Let n,m be positive integers. Then, the
first Geometric - Arithmetic Index of the edge-gluing
by side of £[0, U, 8,] is:-

If a, and b, =2, then

\_.--s;

01| )02

GA, (e

)

=m—2(k1 +k2)

A 2k1

+ 4k, — 1)

A 3k2

k,+3

Proof. In n, m-Bridge graph the edge-gluing by side of
£[6, U, 0,] there are a;, i =1,2,3,...,n, a, = 2 and
b, i=123,..,m, b, =2 edges. m—2(k, + k;)
the edges are also incident on a vertex of degreetwo,
2(ky — 1) of them incident on a vertex of degree two
and a vertex of degree k,, 2(k, — 1) of them incident
on a vertex of degree two and a vertex of degree k,,
two of them incident on a vertex of degree three and a
vertex of degree k,, and finally two of them incident on
a vertex of degree three and a vertex of degree k,. how
by the definition of first geometric—arithmetic index, we

()

= m—Z(k1 +k2)

J2k

ki +2

J2k, 3k,

4
1<2+2Jr k13

+4(k, — 1)

+4(ky — 1)

L]
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Fig-10: edge-gluing by head of £[6; U, 6,].

=00

1l

Fig-12:edge-gluing by head of [0, U, 6,].
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7= B <
Neie-f

0§ m——
Fig-13: edge-gluing by side of £[6; U, 08,]

5. First Geometric-Arithmetic Index of Some Special Let G be the graph obtained from the k5-gluing of two
k5-Gluing Graphs graphs ks and W, and denoted by e[k Us W], (see
In this section, we present the general formulas for first Figure. 14).

Geometric-Arithmetic Index for some special ks -
Gluing graphs.

-W. — —ks —

n
Fig-14: Figure 13:k3-gluing of e[ks U3 W,].
Theorem5.1
Let n,m be positive integers. Then, the first Proof. We have the edges of complete graph ks and
Geometric-Arithmetic  Index of ks -gluing of wheel graph w,,, (n — 2) of them has two vertices that
elks Uz W, ] is:- have the same degree, two of them incident on a vertex
of degree three and a vertex of degree five, four of them
GA; (8 ks U WnD incident on a vertex of degree four and a vertex of
3 degree five, two of them incident on a vertex of degree
V15 V20 four and a vertex of degree(n + 1),two of them incident
=n-2) +4T+ ST on a vertex of degree five and a vertex of degree
Jan+1) Js(n+1) (n+ 1), and finally 2(n — 3) of them incident on a
4 n+s nt6 ) vertex of degree three and a vertex of degree (n + 1).
L2 3) V3(n+1) Hence by the definition of first geometric—arithmetic
n+4 index, we get:
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ks U WnD

GA1<S
V15 V20
=(TL—2)+4T+ST

4 <J4(n +1) 5+ 1))

n+5 n+6

J3(n+1)

n+4

+2(n—-3)

Example 5.2

Let G be a graph of k5-gluing of complete graph ks and
wheel graph w,, n =6, then The first geometric—
arithmetic index of the k5-gluing of ks and wg, is

ks LJ WnD

GA1<£
V15 V20
=(6—2)+4T+8T

. <\/4(6 +1) N J5(6 + 1))

6+5 6+6

S36+1D)

+206 -3,
VI5 V20 V28 V35 421

=4+ 4—+8—— 44—+ 4——
+h— B+ + +6

11 12 10°
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