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Abstract  
 

This study investigates the dynamic behaviour of an elastically supported uniform Rayleigh beam subjected to the passage 

of moving distributed masses with varying velocities, where the loading conditions vary arbitrarily with time. The motion 
of this problem is described by a fourth-order partial differential equation, which governs its behaviour. The beam’s non-

stationary response under such dynamic loading scenarios is analysed using the weighted residual method, which converts 

the governing equation into a sequence of linked second-order differential equations to facilitate the analysis. A rewritten 

version of Struble’s asymptotic method further simplifies the transformed governing equation. This modification aids 
reduction in the complexity of the equation. The closed-form response is contrasted for the acceleration and deceleration 

motion. The study thoroughly examines how different velocities and frequencies of the moving force affect the dynamic 

behaviour of the beam. Key aspects explored include the influence of axial force, foundation modulus, and shear modulus 

in the support structure, the impact of varying mass distributions, and the time-dependent nature of the applied loads. The 
results help further understand the structural dynamics in complex environments and offer insights into optimising the 

design and performance of similar systems under non-stationary dynamic loads.  
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1. INTRODUCTION 
The vibration caused by vehicles travelling on 

structures like roads, bridges, and rails has become a 
significant and challenging issue due to the increasing 

speed capabilities of vehicles. The vibration problem in 

structural members, particularly in bridges and cable 

railways, when they experience moving loads such as 
trains, cars, ships, and lorries, is significant in many 

engineering applications. When the subsystem’s inertia 

is ignored, the problem becomes a vibration of the 

distributed system with a given external moving force, 
called the moving force problem. However, when the 

subsystem’s inertia is considered, and an infinite 

coupling stiffness is assumed between it and the 

distributed system, it becomes the moving mass problem. 
The large deflections and vibrations of beam-like 

structures, especially bridges, caused by high-speed and 

heavy vehicles can significantly increase the internal 

stresses and impact the safety and serviceability of the 

bridges. It is crucial to have a comprehensive 

understanding of the dynamic properties of these 
structures in order to design and operate them efficiently. 

 

The vibration of beams is a multi-parameter 

phenomenon that has been studied extensively by 
researchers in applied mathematics and engineering. 

Various authors in this field have investigated the topic, 

including [1-8]. They have studied the vibration of 

beams due to applied forces, both moving and static. The 
issue of moving loads was first considered 

approximately by Stokes [9, 10] for the case of a girder 

with negligible mass compared to the mass of a single 

moving load of constant magnitude. Later, [11-13] 
examined the situation of a moving load whose mass was 
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insignificant compared to the girder’s mass. For the case 
of a load mass small against the beam mass [11], initially 

examined the problem for a supported beam and a 

constant concentrated force using the method of 

expansion of the eigenfunctions. [12-14] also solved it 
using Green’s functions and integral equations. [15] 

tackled the problem of load and beam mass, which is 

considerably more complicated than the preceding 

exceptional cases. In his excellent monograph on this 
subject [16], provided an extended review of the topic. 

[3] studied the effects of the constant speed and damping 

on the response of a beam based on Fr `y ba’s text. 

Moreover [17], used harmonic analysis to conduct a 

thorough investigation of the dynamic response of many 

kinds of railway bridges that steam locomotives cross. 

 
Several researchers have found that some 

parameters, which are typically overlooked, significantly 

impact the dynamic behaviour of bridges. For instance, 

the type of velocity is a crucial factor when studying the 
vibrations caused by moving loads. Although there are 

only a few publications on this topic, the work of [18] is 

noteworthy, when he examined a bridge subjected to a 

concentrated load, the resulting dynamic response is 
affected by random velocities. 

 

It is often challenging to solve non-classical 
boundary value problems using classical methods for 

dynamical problems. This is especially true when the 

problem involves moving loads, with or without 

considering the inertia effects of the moving load. [19] 
developed a method of separation of variables to solve 

Bernoulli-Euler beam vibration problems with time-

dependent boundary conditions. [20] studied the 

deflection of beams on a two-parameter elastic 
foundation, while [21] investigated the behaviour of 

moving concentrated masses of simply rectangular plates 

on a variable Winkler foundation. Although their works 

were impressive, they only considered non-uniform 
beams subjected to a concentrated moving mass under 

the Winkler foundation, thus limiting the scope of the 

study. This is because the Winkler foundation predicts 

discontinuities in the deflections of the surface of the 
foundation at the end of the finite beam. In reality, the 

surface displacement continues beyond the load region. 

Some researchers have considered beams resting on 

variable elastic foundations but have yet to use the 
elastically supported boundary conditions used in this 

work. 

 

The works mentioned earlier are based on 
structures with classical boundary conditions. In these 

structures, non-classical boundary conditions are not 

considered, loads are considered to be concentrated, and 

the foundation is assumed to be constant. However, this 
work focuses on the non-stationary analysis of an 

elastically supported Rayleigh beam under the 

circulation of moving distributed masses on a constant 

subgrade with varying velocities. 
 

The remaining paper is organized in the 

following manner. Section 2 presents the mathematical 

formulation of the problem. Then, Section 3 discusses 
the discretization procedure. Next, Section 4 provides 

illustrative examples and a detailed discussion of the 

results. Finally, a concluding remark is presented in 

Section 5. 

 
2. Governing Equation 

The transverse vibration of a uniform elastic Rayleigh beam is described by the partial differential equation: 

𝜕2

𝜕𝜂2
[ℰ𝒥

𝜕2𝛩𝑧(𝜂, 𝑡)

𝜕𝜂2
] − 𝒩0

𝜕2𝛩𝑧(𝜂, 𝑡)

𝜕𝜂2
+ 𝜇0

𝜕2𝛩𝑧(𝜂, 𝑡)

𝜕𝑡2
 

−𝜇0ℛ0 𝜕2𝛩𝑧(𝜂,𝑡)

𝜕𝜂2𝜕𝑡2
+ 𝒦0𝛩𝑧(𝜂, 𝑡) − 𝒢0

𝜕2𝛩𝑧(𝜂,𝑡)

𝜕𝜂2
= 𝑓𝑧(𝜂, 𝑡) ……………. (1) 

 

Equation (1) describes the deflection of a beam 

at a specific point in space, denoted by 𝜂 , and time, 

denoted by 𝑡. The beam has various properties, including 

a constant moment of inertia of the beam cross-section, 

denoted by 𝒥 , a constant mass per unit length of the 

beam, denoted by 𝜇0, and a constant length, denoted by 

ℒ. The equation takes into account different parameters 

such as the modulus of elasticity, denoted by ℰ , the 

prestressed axial force, denoted by 𝒩0, the foundation 

modulus, denoted by 𝒦0, the shear rigidity, denoted by 

𝒢0 , the rotatory inertial, denoted by ℛ0 , and the 

deflection of the beam from its unloaded equilibrium 

point, denoted by the symbol 𝛩𝑧(𝜂, 𝑡). Furthermore, the 

equation considers the travelling load of the beam, 

denoted by 𝑄𝑧(𝜂, 𝑡) . It is essential to note that this 

structure has zero bending moment and deflection at both 

ends.  

 

𝛩𝑧(0, 𝑡) = 0 ; 𝛩𝑧(𝐿, 𝑡) = 0 …………… … … … … … … … … … . … … .. (2) 

𝜕2𝛩𝑧(𝜂, 𝑡)

𝜕𝑡2
|𝜂=0 = 0 ;

𝜕2𝛩𝑧(𝜂, 𝑡)

𝜕𝑡2
|𝜂=𝐿 = 0 

 

and the initial conditions are given as:  

𝛩𝑧(𝜂, 𝑡)|𝑡=0 = 0 ; 
𝜕𝛩𝑧(𝜂,𝑡)

𝜕𝑡
|𝑡=0 ………………..………….. (3) 
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and the load  

𝑓𝑧(𝜂, 𝑡) =
�̅�𝑔

𝜒
[𝐻(𝜂 − (𝜏(𝑡)) + 𝜒) 

−𝐻(𝜂 − (𝜏(𝑡)) − 𝜒)][1 −
𝑑2

𝑑𝑡2
[

𝛩𝑧(𝜂,𝑡)

𝑔
]] …………………. (4) 

 

the property of the Heaviside unity function is expressed as: 

𝐻(𝜂) = {
0 if 𝜂 < 0,
1 if 𝜂 > 0, ……………………………..…… (5) 

 

regarding limiting case, 𝜒 → 0,  

𝛿(𝜂 − (𝜏(𝑡))) =
1

𝜒
[𝐻(𝜂 − (𝜏(𝑡)) + 𝜒) − 𝐻(𝜂 − (𝜏(𝑡)) − 𝜒)] ……….…..… (6) 

 

assuming a quadratic form for the motion of the force along the priismatic thick beam yields 𝜏(𝑡) = 𝜒 + 𝜈0𝑡 +
1

2
𝑎𝑡2, where 

𝛿(▪) represents the Dirac delta function. At time 𝑡 = 0, the force 𝑄𝑧 = �̅�𝑔 acts at the point 𝜒, with initial velocity 𝜈0 and 

constant acceleration 𝑎. Additionally, operator in equation (4) 
𝑑2

𝑑𝑡2
 is defined in (7) 

𝑑2

𝑑𝑡2 [⋅] = [
𝜕2

𝜕𝑡2 + 2
𝑑

𝑑𝑡
(𝜏(𝑡))

𝜕2

𝜕𝜂𝜕𝑡
+ (

𝑑

𝑑𝑡
(𝜏(𝑡)))2

𝜕2

𝜕𝜂2 

+
𝑑2

𝑑𝑡2
(𝜏(𝑡))

𝜕

𝜕𝜂
][⋅] ………………………………………………………..…… (7) 

 

Equation (1) can be simplified by taking into account equations (4) through (6) and (7)  

𝜕2

𝜕𝜂2
[ℰ𝒥

𝜕2𝛩𝑧(𝜂, 𝑡)

𝜕𝜂2
] − 𝒩0

𝜕2𝛩𝑧(𝜂, 𝑡)

𝜕𝜂2
+ 𝜇0

𝜕2𝛩𝑧(𝜂, 𝑡)

𝜕𝜂2
 

−𝜇0ℛ0
𝜕2𝛩𝑧(𝜂, 𝑡)

𝜕𝜂2𝜕𝑡2 + 𝒦0𝛩𝑧(𝜂, 𝑡) − 𝒢0

𝜕2𝛩𝑧(𝜂, 𝑡)

𝜕𝜂2  

=
�̅�𝑔

𝜒
[𝐻(𝜂 − (𝜏(𝑡)) + 𝜒) − 𝐻(𝜂 − (𝜏(𝑡)) − 𝜒)] 

−
�̅�

𝜒
[𝐻(𝜂 − (𝜏(𝑡)) + 𝜒) − 𝐻(𝜂 − (𝜏(𝑡)) − 𝜒)] 

 [
𝜕2𝛩𝑧(𝜂, 𝑡)

𝜕𝑡2 + 2
𝑑

𝑑𝑡
(𝜏(𝑡))

𝜕2𝛩𝑧(𝜂, 𝑡)

𝜕𝜂𝜕𝑡
+ (

𝑑

𝑑𝑡
(𝜏(𝑡)))2

𝜕2𝛩𝑧(𝜂, 𝑡)

𝜕𝜂2  

+
𝑑2

𝑑𝑡2
(𝜏(𝑡))

𝜕𝛩𝑧(𝜂,𝑡)

𝜕𝜂
] …………………….………. (8) 

 

?? governs the motion of a prismatic Rayleigh beam under axial compression and accelerating loads.  
 

3. Discretization Procedure 

Consider  

𝛩𝑧(𝜂, 𝑡) = ∑∞
𝑧=1 𝑌𝑧(𝑡)𝑈𝑧(𝜂) ……………………. (9) 

 

To solve problems involving mechanical vibrations, the Weighted Residual Method, a versatile technique, will be 

adopted.  

𝑈𝑧(𝜂) = sin
𝜄𝑧𝜂

𝐿
+ 𝛶1𝑚cos

𝜄𝑧𝜂

𝐿
+ 𝛶2𝑚sinh

𝜄𝑧𝜂

𝐿
+ 𝛶3𝑚cosh

𝜄𝑧𝜂

𝐿
 ………………. (10) 

 

The mode frequency 𝜄𝑧 and the constants 𝛶1𝑚, 𝛶2𝑚, and 𝛶3𝑚 determine the 𝑧 − 𝑡ℎ normal mode of vibration of a 

uniform beam function. These constants can be obtained by substituting 9 with appropriate boundary conditions. It should 

be noted that for a simply supported beam, 𝛶1𝑚 = 𝛶2𝑚 = 𝛶3𝑚 = 0 and 𝜄𝑧 = 𝑧𝜋.  

 

The technique for solving the problem requires that equation (8) is expressed as:  

Ω(𝜂, 𝑡) = ∑∞
𝑧=1 𝑌𝑧(𝑡)𝑈𝑧 (𝜂) ………………………………………………. (11) 
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Equation (8) in view of equation (9) becomes: 

�̈�𝑧(𝑡) + 𝛾𝑚𝑓
2 𝑌𝑧(𝑡) + 𝛤 ∑

∞

𝑚=1

𝐽6
⋆[[𝑈𝑧(𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) 

+
𝜒2

6
(𝑈𝑧(𝜏(𝑡))𝑈𝜖

′′(𝜏(𝑡)) + 𝑈𝑧
′′ (𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) 

+((𝜏(𝑡)))′(𝜏(𝑡))𝑈𝜖
′ (𝜏(𝑡)))]�̈�𝑧(𝑡) + 2(𝜈0 + 𝑎𝑡)[𝑈𝑧(𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) 

+
𝜒2

6
(𝑈𝑧(𝜏(𝑡))𝑈𝜖

′′(𝜏(𝑡)) + 𝑈𝑧
′′ (𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) 

+((𝜏(𝑡)))′(𝜏(𝑡))𝑈𝜖
′ (𝜏(𝑡)))]�̇�𝑧(𝑡) + (𝜈0 + 𝑎𝑡)2[𝑈𝑧

′′ (𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) 

+
𝜒2

6
(𝑈𝑧

𝑖𝑣 (𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) + 𝑈𝑧
′′ (𝜏(𝑡))𝑈𝜖

′′(𝜏(𝑡)) 

+((𝜏(𝑡)))′′′(𝜏(𝑡))𝑈𝜖
′ (𝜏(𝑡)))]𝑌𝑧(𝑡) + 𝑎[𝑈𝑧

′ (𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) 

+
𝜒2

6
(𝑈𝑧

′′′(𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) + 𝑈𝑧
′ (𝜏(𝑡))𝑈𝜖

′′(𝜏(𝑡)) 

+((𝜏(𝑡)))′′(𝜏(𝑡))𝑈𝜖
′ (𝜏(𝑡)))]𝑌𝑧(𝑡)] 

=
�̅�𝑔

𝜇0(𝐽1−𝑅0𝐽2)
[𝑈𝑧(𝜏(𝑡)) +

𝜒2

6
𝑈𝑧

′′(𝜏(𝑡))] …………………….…… (12) 

 
Where, 

𝐽1 = ∫
𝐿

0

𝑈𝑧(𝜂)𝑈𝜖(𝑥)𝑑𝑥 𝐽2 = ∫
𝐿

0

𝑈𝑧
′′ (𝜂)𝑈𝜖 (𝑥)  

𝐽3 = ∫
𝐿

0

𝑈𝑧
𝑖𝑣 (𝜂)𝑈𝜖 (𝑥)𝑑𝑥 𝐽4 = ∫

𝐿

0

𝑈𝑧
′′ (𝜂)𝑈𝜖(𝑥)𝑑𝑥  

𝐽5 = ∫
𝐿

0
𝑈𝑧(𝜂)𝑈𝜖(𝑥)𝑑𝑥 𝐽6 = ∫

𝐿

0
𝑈𝑧

′′ (𝜂)𝑈𝜖 (𝑥)𝑑𝑥 …………….…. (13) 

 

Γ =
�̅�

𝜇0𝐿
 and 𝛾𝑚𝑓

2 =
ℰ𝒥𝐽3−𝒩0𝐽4+𝒦0𝐽5−𝒢0𝐽6

𝜇0(𝐽1−ℛ0𝐽2)
 …………….…….……. (14) 

 
the transformed equation governing the vibration 

problem of a prismatic beam is represented by equation 

(12). This beam is traversed by partially distributed 

accelerating masses. The non-homogeneous second-
order ordinary differential equation holds for all variants 

of classical boundary conditions. This article will explore 

two exceptional cases of equation (12). 

 

3.1 Beam under Moving Force  

If the load’s inertia effect is ignored, the 

equation of motion for the elastically supported Rayleigh 

beam under concentrated moving force may be derived. 

i.e 𝛤⋆ = 0  in equation (12). In light of these 

modifications, the uncoupled equation (12) becomes  

�̈�𝑧(𝑡) + 𝜗𝑚𝑓
2 𝑌𝑧(𝑡) = 𝜅𝑚𝑓[sin

𝑧𝜋

𝐿
(𝜒 + 𝜈0𝑡 +

1

2
𝑎𝑡2) 

+
𝜒2

6
{−(

𝑧𝜋(𝜈0 + 𝑎𝑡)

𝐿
)2sin

𝑧𝜋

𝐿
(𝜒 + 𝜈0𝑡 +

1

2
𝑎𝑡2) 

+
𝑧𝜋𝑎

𝐿
cos

𝑧𝜋

𝐿
(𝜒 + 𝜈0𝑡 +

1

2
𝑎𝑡2)}] …………………………………. (15) 

 

solving equation (15), taking into account equations (3) and (11), one obtains: 

𝛩(𝜂, 𝑡) = ∑

∞

𝑧=1

𝜅𝑚𝑓

𝜗𝑚𝑓
{
𝑐1 + 𝑐2𝑖

8
√

𝜋

𝑎𝑤
[(𝑖 + 1) 

𝑒𝑟𝑓(
(1 − 𝑖)(𝑤𝑎𝑡 + 𝜈0𝑤 − 𝜗𝑚𝑓)

2√𝑎𝑤
) − 𝑒𝑟𝑓(

(1 − 𝑖)(𝜈0𝑤 − 𝜗𝑚𝑓)

2√𝑎𝑤
) 

 (cos𝑚1 − 𝑖sin𝑚1) + (𝑖 − 1)(𝑒𝑟𝑓(
(1 + 𝑖)(𝑤𝑎𝑡 + 𝜈0𝑤 − 𝜗𝑚𝑓)

2√𝑎𝑤
) 

−𝑒𝑟𝑓(
(1 + 𝑖)(𝜈0𝑤 − 𝜗𝑚𝑓)

2√𝑎𝑤
))(cos𝑚2 − 𝑖sin𝑚2)] 

−
(𝑐1 − 𝑐2𝑖)(1 − 𝑖)

8
√

𝜋

𝑎𝑤
[𝑒𝑟𝑓(

(1 + 𝑖)(𝑤𝑎𝑡 + 𝜈0𝑤 − 𝜗𝑚𝑓)

2√𝑎𝑤
) 

−𝑒𝑟𝑓(
(1 + 𝑖)(𝜈0𝑤 − 𝜗𝑚𝑓)

2√𝑎𝑤
)(cos𝑚3 − 𝑖sin𝑚3) 
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−(𝑒𝑟𝑓(
(1 + 𝑖)(𝑤𝑎𝑡 + 𝜈0𝑤 + 𝜗𝑚𝑓)

2√𝑎𝑤
) 

−𝑒𝑟𝑓(
(1+𝑖)(𝜈0𝑤+𝜗𝑚𝑓)

2√𝑎𝑤
))(cos𝑚4 + 𝑖sin𝑚4)]] × [sin

𝑧𝜋𝜂

𝐿
] ………………. (16) 

 

Equation (16) describes how a uniform Rayleigh beam on an elastic foundation responds to transverse 
displacement when it is subjected to partially distributed forces of varying velocities. The dynamic deflection of prestressed 

prismatic beam traversed by partially distributed loads with uniform velocity is obtained as: 

𝛩(𝜂, 𝑡) = ∑

∞

𝑧=1

𝑃𝑚

𝛾𝑚𝑓(𝛾𝑚𝑓
4 − 𝜔4)

{𝑧1(𝛾𝑚𝑓
2 + 𝜔2)(𝛾𝑚𝑓sin𝜔𝑡 − 𝜔sin𝛾𝑚𝑓𝑡) 

+𝑧3(𝛾𝑚𝑓
2 − 𝜔2)(𝛾𝑚𝑓sinh𝜔𝑡 − 𝜔sin𝛾𝑚𝑓𝑡) 

+𝑧2𝛾𝑚𝑓(𝛾𝑚𝑓
2 + 𝜔2)(cos𝜔𝑡 − cos𝛾𝑚𝑓𝑡) 

+𝑧4𝛾𝑚𝑓(𝛾𝑚𝑓
2 − 𝜔2)(cosh𝜔𝑡 − cos𝛾𝑚𝑓𝑡)} × [sin

𝑧𝜋𝜂

𝐿
] ………………. (17) 

 

Where, 

𝑧1 = 1 −
1

6
(

𝜒𝜄𝑧𝜈0

𝐿
)2, 𝑧2 = 𝛶1𝑚 −

𝛶1𝑚

6
(
𝜒𝜄𝑧𝜈0

𝐿
)2  

𝑧3 = 𝛶2𝑚 +
𝛶2𝑚

6
(

𝜒𝜄𝑧𝜈0

𝐿
)2, 𝑧4 = 𝛶3𝑚 +

𝛶3𝑚

6
(

𝜒𝜄𝑧𝜈0

𝐿
)2 ……………………. (18) 

 

3.2 Beam under Moving Mass 

The impact of the moving mass on the system is examined in this section. We emphasize on the instance in which 

the moving mass problem corresponds to 𝛤⋆ ≠ 0. Equation (12) has to be solved. In order to do this, we rearrange the 

equation (12) as follows: 

�̈�𝑧(𝑡) + 𝜗𝑚𝑓
2 𝑌𝑧(𝑡) + 𝛤⋆ ∑

∞

𝑧=1

𝐽6
⋆[[𝑈𝑧(𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) 

+
𝜒2

6
(𝑈𝑧(𝜏(𝑡))𝑈𝜖

′′(𝜏(𝑡)) + 𝑈𝑧
′′ (𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) 

+((𝜏(𝑡)))′(𝜏(𝑡))𝑈𝜖
′ (𝜏(𝑡)))]�̈�𝑧(𝑡) + 2(𝜈0 + 𝑎𝑡) 

 [𝑈𝑧(𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) +
𝜒2

6
(𝑈𝑧(𝜏(𝑡))𝑈𝜖

′′(𝜏(𝑡)) + 𝑈𝑧
′′(𝜏(𝑡))𝑈𝜖 (𝜏(𝑡)) 

+((𝜏(𝑡)))′(𝜏(𝑡))𝑈𝜖
′ (𝜏(𝑡)))]�̇�𝑧(𝑡) + (𝜈0 + 𝑎𝑡)2[𝑈𝑧

′′ (𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) 

+
𝜒2

6
(𝑈𝑧

𝑖𝑣 (𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) + 𝑈𝑧
′′ (𝜏(𝑡))𝑈𝜖

′′(𝜏(𝑡)) 

+((𝜏(𝑡)))′′′(𝜏(𝑡))𝑈𝜖
′ (𝜏(𝑡)))]𝑌𝑧(𝑡) + 𝑎[𝑈𝑧

′ (𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) 

+
𝜒2

6
(𝑈𝑧

′′′(𝜏(𝑡))𝑈𝜖(𝜏(𝑡)) + 𝑈𝑧
′ (𝜏(𝑡))𝑈𝜖

′′(𝜏(𝑡)) 

+((𝜏(𝑡)))′′(𝜏(𝑡))𝑈𝜖
′ (𝜏(𝑡)))]𝑌𝑧(𝑡)] 

= 𝜅𝑚𝑓[sin
𝑧𝜋

𝐿
(𝜒 + 𝜈0𝑡 +

1

2
𝑎𝑡2)] ………………………….…. (19) 

 

In what follows, a modification of a versatile asymptotic technique known as the Struble asymptotic method is 

employed to simplify the RHS of equation (19). Thus, to this effect, equation (19) reduces to: 

�̈�𝑧(𝑡) + 𝜗𝑚𝑓
2 𝑌𝑧(𝑡) = 𝜅𝑚𝑓[sin

𝑧𝜋

𝐿
(𝜒 + 𝜈0𝑡 +

1

2
𝑎𝑡2)] …………. (20) 

 

Where, 

𝜅1 = 𝑈1 +
𝜒2

3
[𝑈2 + 𝑈3], 𝜅2 = 𝑈2 +

𝜒2

6
[𝑈7 + 𝑈8 + 𝑈9],  

𝜅3 = 𝑈4 +
𝜒2

6
[𝑈5 + 3𝑈6] …………………………………….. (21) 

 

and  

𝜗𝑚𝑚 = 𝜗𝑚𝑓{1 −
𝛤⋆𝐽6𝑠𝑠

⋆

2
{𝜅1 −

1

𝜗𝑚𝑓
2 {𝜈0

2𝜅2 + 𝑎𝜅3}}} …..….…… (22) 

 
is called the modified natural frequency representing the frequency of the free system due to the presence of the moving 

mass. In account of the initial conditions, equation (20) becomes  
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𝛩(𝜂, 𝑡) = ∑

∞

𝑧=1

𝜅𝑚𝑓

𝜗𝑚𝑚
{
𝑐1 + 𝑐2𝑖

8
√

𝜋

𝑎𝜔
[(𝑖 + 1) 

𝑒𝑟𝑓(
(1 − 𝑖)(𝜔𝑎𝑡 + 𝜈0𝜔 − 𝜗𝑚𝑚)

2√𝑎𝜔
) − 𝑒𝑟𝑓(

(1 − 𝑖)(𝜈0𝜔 − 𝜗𝑚𝑚)

2√𝑎𝜔
) 

 (cos𝑚1 − 𝑖sin𝑚1) + (𝑖 − 1)(𝑒𝑟𝑓(
(1 + 𝑖)(𝜔𝑎𝑡 + 𝜈0𝜔 − 𝜗𝑚𝑚)

2√𝑎𝜔
) 

−𝑒𝑟𝑓(
(1 + 𝑖)(𝜈0𝜔 − 𝜗𝑚𝑚)

2√𝑎𝜔
)) 

 (cos𝑚2 − 𝑖sin𝑚2)] −
(𝑐1 − 𝑐2𝑖)(1 − 𝑖)

8
√

𝜋

𝑎𝜔
 

 [𝑒𝑟𝑓(
(1 + 𝑖)(𝜔𝑎𝑡 + 𝜈0𝜔 − 𝜗𝑚𝑚)

2√𝑎𝜔
) − 𝑒𝑟𝑓(

(1 + 𝑖)(𝜈0𝜔 − 𝜗𝑚𝑚)

2√𝑎𝜔
) 

 (cos𝑚3 − 𝑖sin𝑚3) − (𝑒𝑟𝑓(
(1 + 𝑖)(𝜔𝑎𝑡 + 𝜈0𝜔 + 𝜗𝑚𝑚)

2√𝑎𝜔
) 

−𝑒𝑟𝑓(
(1+𝑖)(𝜈0𝜔+𝜗𝑚𝑚)

2√𝑎𝜔
))(cos𝑚4 + 𝑖sin𝑚4)]] × [sin

𝑧𝜋𝜂

𝐿
] …………….. (23) 

 

The transverse displacement response of a supported uniform Rayleigh beam subjected to a dispersed moving 

mass with various velocities while resting on an elastic foundation is represented by equation (23). Similar to this, the 
beam’s deflection under loads moving at a constant speed may be obtained as: 

𝛩(𝜂, 𝑡) = ∑

∞

𝑧=1

𝑃𝑚𝑚

𝜗𝑚𝑚(𝜗𝑚𝑚
4 − 𝜔4)

{𝑧1(𝜗𝑚𝑚
2 + 𝜔2)(𝜗𝑚𝑚sin𝜔𝑡 − 𝜔sin𝜗𝑚𝑚𝑡) 

+𝑧3(𝜗𝑚𝑚
2 − 𝜔2)(𝜗𝑚𝑚sinh𝜔𝑡 − 𝜔sin𝜗𝑚𝑚𝑡) 

+𝑧2𝜗𝑚𝑚(𝜗𝑚𝑚
2 + 𝜔2)(cos𝜔𝑡 − cos𝜗𝑚𝑚𝑡) 

+𝑧4𝜗𝑚𝑚(𝜗𝑚𝑚
2 − 𝜔2)(cosh𝜔𝑡 − cos𝜗𝑚𝑚𝑡)} × [sin

𝑧𝜋𝜂

𝐿
] 

 

and  

𝜗𝑚𝑚 = 𝜗𝑚𝑓{1 −
𝛤⋆𝐽6𝑠𝑠

⋆

2
{𝜍1 −

1

𝜗𝑚𝑓
2 {𝜈0

2𝜍2 + 𝑎𝜍3}}} …………………… (24) 

 

Where, 

𝜍1 = 𝑈1 +
𝜒2

3
[𝑈2 + 𝑈3], 𝜍2 = 𝑈2 +

𝜒2

6
[𝑈7 + 𝑈8 + 𝑈9],  

𝜍3 = 𝑈4 +
𝜒2

6
[𝑈5 + 3𝑈6] ……………………………………………. (25) 

 
Where, 

𝑃𝑚𝑚 =
Γ∗𝑔𝐿

𝐽7
 ………………... (26) 

 

The resonance phenomenon is closely linked to a dynamic system like the one we are currently examining. 

Therefore, analysing the conditions that can lead to resonant and maximum amplitude is necessary. The velocity of the 
moving load, at which a resonance effect happens in the undamped system, is considered a critical speed. Equation (17) 

demonstrates that when a moving force crosses a prismatic Rayleigh beam with an elastically supported boundary 

condition, resonance is reached when  

𝛾𝑚𝑓 = 𝜔 ……………..….. (27) 

 

according to the equation 𝜔 =
𝜄𝑧𝜈0

𝐿
, the critical speed 𝜈𝑐𝑟 of the moving force system is given by 𝜈𝑐𝑟 =

𝛾𝑚𝑓𝐿

𝜄𝑧
. When the 

system is under a moving mass, the corresponding resonance condition is shown in equation (24).  

𝜗𝑚𝑚 = 𝜔 ……………….. (28) 

 
that is  

𝜗𝑚𝑓{1 −
𝛤⋆𝐽6𝑠𝑠

⋆

2
{𝜍1 −

1

𝜗𝑚𝑓
2 {𝜈0

2𝜍2 + 𝑎𝜍3}}} = 𝜔 …………….………. (29) 
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which implies that 

𝜗𝑚𝑓 =
𝜄𝑧𝜈0

𝐿
 ………………………. (30) 

 

Equation (27) shows that a beam subject to moving distributed masses experiences resonance effects whenever: 

𝜗𝑚𝑚 =
𝜄𝑧𝜈0

𝐿
 ………………..……. (31) 

 

from equation (26)  
𝜄𝑧𝜈0

𝐿
= 𝜗𝑚𝑓{1 −

𝛤⋆𝐽6𝑠𝑠
⋆

2
{𝜍1 −

1

𝜗𝑚𝑓
2 {𝜈0

2𝜍2 + 𝑎𝜍3}}} …………… (32) 

 

which implies  

𝜗𝑚𝑓 =
𝜄𝑧𝜈0

𝐿

{1−
𝛤⋆𝐽6𝑠𝑠

⋆

2
{𝜍1−

1

𝜗𝑚𝑓
2 {𝜈0

2𝜍2+𝑎𝜍3}}}
 …………………….….. (33) 

 

evidently, for the same natural frequency, the critical 

velocity for the system consisting of an elastically 

supported Rayleigh beam is greater than that of the 
moving mass. Resonance is reached sooner in the 

moving mass system than in the moving force for the 

same natural frequency of an elastic beam. This result 

perfectly agrees with existing results; see ref [22, 23]. In 
the same vein, the solutions of equation (16) and 

equation (23) show that as the axial force, foundation 

modulus, rotatory inertia correction factor and other 

structural parameters increase, the critical speeds of the 
thick beam increase, consequently reduce the speed of 

resonance. It has been deduced that the critical speed for 

an elastically supported beam carrying a moving mass is 

smaller than that of the same beam carrying a moving 

force, as indicated by equations (27) and (33). This 
deduction highlights that it is not safe to assume that the 

response of the moving force can be used as an 

approximation for the response to the moving mass.  

 
4. Illustrative Examples, Results and Discussion 

4.1 Illustrative Examples 

This section presents practical examples of the 

analysis, taking into consideration non-classical 
boundary conditions, especially elastically supported 

boundary conditions.  

 

4.1.1 Simple-elastic Boundary Conditions 

As an example, we consider a prismatic Rayleigh beam simply supported at the end 𝜂 and elastically supported at 

the end 𝜂 = 𝐿, the conditions are expressed as follows: 

Θ𝑧(0, 𝑡) = 0 = Θ𝑧
′′(0, 𝑡)………………………………….... (34) 

 

at the end 𝜂 = 0 

 

and  

Θ𝑧
′′(𝐿, 𝑡) − 𝑘1Θ𝑧

′ (𝐿, 𝑡) = 0 = Θ𝑧
′′′(𝐿, 𝑡) + 𝑘2Θ𝑧(𝐿, 𝑡) ……. (35) 

 

at the other end 𝜂 = 𝐿 for the normal modes:  

𝑈𝑧(0) = 0 = 𝑈𝑧
′′ (0) ……………………………………… (36) 

 

at 𝜂 = 0 and  

𝑈𝑧
′′ (𝐿) − 𝑘1𝑈𝑧

′ (𝐿) = 0 = 𝑈𝑧
′′′(𝐿) + 𝑘2𝑈𝑧(𝐿) ……………. (37) 

 

at 𝜂 = 𝐿 which implies  

𝑈𝜖(0) = 0 = 𝑈𝜖
′′ ………………………………………….. (38) 

 

and  

𝑈𝜖
′′ (𝐿) − 𝑘1𝑈𝜖

′ (𝐿) = 0 = 𝑈𝜖
′′′(𝐿) + 𝑘2𝑈𝑧(𝐿) ………….... (39) 

 

thus it can be shown that 𝛶1𝑚 = 𝛶3𝑚 = 0 and  

𝛶2𝑚 =
𝑘1cos𝜄𝑧+

𝜄𝑧
𝐿

sin𝜄𝑧
𝜄𝑧
𝐿

sinh𝜄𝑧−𝑘1cosh𝜄𝑧
=

𝜄𝑧
3

𝐿3cos𝜄𝑧−𝑘2sin𝜄𝑧

𝜄𝑧
3

𝐿3cosh𝜄𝑧+𝑘2sinh𝜄𝑧

 ………….……. (40) 

 
 and from equation (40), one obtains  

tan𝜄𝑧 = tanh𝜄𝑧 ……………………………………..….… (41) 
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as the frequency equation for the dynamical problem, and we have  

𝜄1 = 3.927, 𝜄2 = 7.069, 𝜄3 = 10.210 …………….. (42) 

 

using equations (40), (41) and (42) in equations (16) and 
(23), one obtains the displacement response respectively 

to a moving force and moving mass of a simply-elastic 

ends prismatic Rayleigh beam with variable velocity and 

constant foundation.  
 

4.2 RESULTS AND DISCUSSION 
This illustration is done by considering a 

homogenous beam of modulus of elasticity ℰ = 3.1 ×
1010𝑁/𝑚2 , the moment of inertial 𝒥 = 2.87698 ×
10−3𝑚4, the beam span ℒ. = 50𝑚 and the mass per unit 

length of the beam 𝜇0 = 2758.291𝑘𝑔/𝑚. The values of 

foundation moduli is varied between 0𝑁/𝑚3  and 

40000𝑁/𝑚3 , the values of axial force 𝒩0  is varied 

between 0𝑁 and 2.0 × 108𝑁. 
 

4.2.1 Effect of varying 𝓝𝟎 

Figure 1 demonstrates the effect of varying 𝒩0 

on the dynamic deflection of the thick beam. The 

dynamic deflection is observed to reduce significantly 

with increased axial force. In addition, for the moving 
force, which is Figures 1(a) and 1(b), maximum dynamic 

deflection is recorded at a much later time of the beam 

and is higher at the deceleration motion. A similar result 

is also obtained when the thick beam is traversed by 
moving mass. This we observed in figures 1(c) and 1(d). 

Maximum deflection appears to have taken place with 

the accelerated motion.  

 

 

 
Figure 1: Effects of axial force 𝓝𝟎 on the dynamic deflections of elastically Supported Rayleigh beam 
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4.2.2 Effect of varying 𝓚𝟎 

A look at figure 2 shows the effect of the beam 

foundation on the elastically supported beam. Figures 

2(a) and 2(b) shows the Rayleigh beam when traversed 
by a moving force. It was shown that as the foundation 

stiffness 𝒦0  increases, the structural system becomes 

rigid and the response amplitude decreases. The same 
results is also obtained when traversed by moving mass 

as seen in Figures 2(c) and 2(d). A general trend in Figure 

2 is that displacement responses decreases as the 

foundation modulus 𝒦0 spacing increases. 

 

 

 
Figure 2: Effects of foundation modulus 𝓚𝟎 on the dynamic deflections of elastically Supported Rayleigh beam 
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4.2.3 Effect of varying 𝓖𝟎 

In order to have an overview of the space-time 

evolution of the dynamic response of a thic beam to 

various shear modulus. How the shear modulus 𝒢0 of the 

Rayleigh beam, affects the dynamics deflection of the 

dynamical system is shown graphically in Figure 3. It is 
seen in Figures 3(a) and 3(b) that the dynamic deflection 

decreases when the shear modulus is increased. The 
same result is obtained when the same beam is traversed 

by a moving mass in Figures 3(c) and 3(d). It is observed 

that as 𝒢0 increases, the becomes more flexible and the 

dynamic deflection decreases. 

 

 

 
Figure 3: Effects of shear modulus 𝓖𝟎 on the dynamic deflections of elastically Supported Rayleigh beam 
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4.2.4 Effect of varying 𝓡𝟎 

The effect of rotatory inertia correction factor, 

ℛ0, on the dynamic deflection amplitude of the uniform 

Raleigh beam is illustrated in Figure 4. Figures 4(a) and 

4(b) demonstrate the deflection curves the prismatic 

Rayleigh beam under the influence of accelerating forces 
and masses, respectively. It is shown that increasing the 

value of the rotatory inertia factor leads to a significant 

decreases the deflection amplitude. The same result is 

obtained when the prismatic thick beam is traversed by a 
moving mass in Figures 4(c) and 4(d). 

 

 

 
Figure 4: Effects of rotatory inertia correction factor 𝓡𝟎 on the dynamic deflections of elastically Supported 

Rayleigh beam 
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4.2.5 Effect of varying 𝝂𝟎 

In Figure 5, the effect of the different values of 

velocity 𝜈0 on the dynamical behaviour of the ellastically 

supported beam is demonstrated. Independent of the type 

of motion, a look at Figures 5(a) and 5(b) show that the 

maximum amplitudes of the deflections of the beam 

decreases with increasing value of 𝜈0 . This response 

decreases with increasing the speed of the moving load, 

since the acting time on the load becomes shorter. Figure 

5(c) has a higher maximum response than Figure 5(d). 
The maximum response is reached at an earlier time in 

figure 5(c) than the decelared motion. 

 

 

 
Figure 5: Effects of varrying velocity 𝝂𝟎 on the dynamic response of elastically Supported Rayleigh beam 

 

5. CONCLUSION 
This research focuses on the non-stationary 

analysis of elastically supported homogenous isotropic 

prismatic Rayleigh beam under the circulation of moving 

distributed masses on a constant subgrade with varying 

velocities. The study shows that the load’s inertial effect 

causes the set of differential equations of motion to be 
coupled. Ignoring this effect results in solving a set of 
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uncoupled linear second-order differential equations, 
which is the solution for the corresponding moving 

distributed force and not the mass problem. The 

technique of Struble is employed to solve the governing 

differential equation, which yields a close-form solution 
of the governing fourth-order partial differential equation 

with variable and singular coefficients of uniform 

Rayleigh beam for the moving force problem. The 

solutions are analyzed, and resonance conditions are 
obtained for the problem. The plotted curves only depict 

the effects of axial force, shear modulus, and foundation 

modulus on the beam for the moving force problem.  
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