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Abstract
This paper determines analytically the effect of in-plane statically applied normal loads on nonlinear fundamental
frequency of thin rectangular plate with edge constraints as simply supported – clamped – simply supported – clamped
(SCSC). The weak-form variational principle was used to formulate the energy functional of the plate problems.
Algebraic polynomial displacements were used as shape functions. Both linear and nonlinear buckling loads were
numerically computed at various aspect ratios. The nonlinear fundamental frequencies were computed at various aspect
ratios by considering the presence of in-plane applied normal loads and also by considering the absence of in-plane loads.
Furthermore, the variations in the ratios of nonlinear to linear buckling loads; and nonlinear fundamental to natural
nonlinear fundamental frequencies were determined at various aspect ratios. The numerical value of linear buckling load
obtained for a square plate was compared with results from previous works found in literature, and there was satisfactory
convergence with percentage error of 4.90. Conclusively from the analytical and numerical results obtained, in-plane
statically applied normal loads affect the nonlinear fundamental frequency of thin rectangular SCSC plate.
Keywords: Algebraic polynomial, shape function, buckling load, linear, nonlinear, weak-form, variational principle,
fundamental frequency.
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INTRODUCTION
The high demands for weight economy in the
applications of flat thin plates in marine, naval and
vehicular industries have been continually on the rise
for the purposes of attaining full optimization [1, 2].
Flat rectangular plates are structural elements that are
more often subjected to either in-plane loadings or outof-plane loadings or both. These loads can be either
static or dynamic or both.
The application of flat thin rectangular plates
to sustain in-plane loadings has created wide research
fields based on the mode of deformations and on the
characteristic responses to such loadings. Buckling is
the characteristic mode of deformation of flat
rectangular plate due to in-plane loading. Buckling is a
phenomenon in which the structural element performs
an infinitesimal deformation in the direction of its
largest dimension, which is a process by which the
structural element adjusts itself to a new equilibrium
position. However, contrary to the mode of responses of
other structural elements when subjected to in-plane

loadings, flat thin rectangular plates exhibit double
buckling modes of responses, from which the
stakeholders on the applications of thin rectangular
plates seek to utilize in their designs to achieve stability
and weight efficiency.
Flat thin rectangular plates have the capacity to
respond linearly to in-plane loadings up to bifurcation
points without any appreciable loss to equilibrium
conditions [3]. Within this regime, there is infinitesimal
shift in the initial configuration of the plate with respect
to the direction of largest dimension, which is linear in
nature. This deformation is classified as first buckling
or simply buckling; and the resulting load is called the
buckling load. Therefore the analysis within this regime
is linear.
Moreover, flat thin rectangular plates have the
ability to sustain additional in-plane loads of
magnitudes several integers times the buckling loads
before reaching the second buckling, otherwise known
as the post buckling, after which the plates may lose
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their stability conditions. At this stage, the plates
experience finite deflections in the directions of the
largest dimensions. Thus the analysis has to shift from
linear to nonlinear condition.
The determination and evaluation of the
conditions associated with the post buckling
phenomenon as well as the corresponding methods of
analysis, all form the cruxes of the researches on the
applications of flat plates in marine, naval and vehicular
structures. Different approximation techniques have
been used to determine the buckling and post buckling
behaviour of thin rectangular plates [4-7].
The primary objective of this work is to
determine the effect of statically applied normal inplane loading on the nonlinear fundamental frequency
of simply supported – clamped – simply supported clamped (SCSC) thin rectangular plate. The secondary
objective is to use Weak-form variational method to
calculate the eignvalues or the buckling and nonlinear
buckling loads respectively. The efficacy and the
degree of convergence of weak-form variational
method have not been adequately exploited in the study
of buckling and post buckling behaviour of rectangular
plates. Furthermore, the third objective of this work is
to use algebraic polynomial shape functions that
simulate the deflection function and satisfy the
geometric boundary conditions of SCSC rectangular
plate as alternative to trigonometric shape functions.
Related works
The desire to achieve weight efficiency in the
applications of thin rectangular plates in the
construction of aircrafts, ship and marine vessels, road
and railway vehicular structures has created a lot of
research interests in the analysis of thin rectangular
plates; and sequel to such developments, many research
works have been done on the buckling and post
buckling analyses of thin rectangular plates. For
instance, a sponsored research work on the post
buckling behaviour of structures by North Atlantic
Treaty Organization (NATO) was carried out [8].
However, different researchers employed different
analytical and numerical techniques to investigate the
behaviour of thin rectangular plates under buckling and
post buckling conditions [9]. Investigated the buckling
and vibration of stiffened panels or single plates with
clamped ends by using Lagrangian multipliers to couple
sinusoidal modes of the plates and then VICNOPT
computer program to calculate the eignvalues. The
dynamic stability of composite skew plates subjected to
periodic in-plane load was studied using finite element
approach [10]. Also [11, 12], studied the dynamic
stability of all clamped and simply supported edges
respectively of thin rectangular plates subjected to inplane loadings using energy methods. Some aspects of
dynamic buckling of plates under in-plane pulse loading
were investigated by [13] using finite element computer
code ANSYS 8.1. Furthermore, the effect of in-plane

forces on frequency parameters was studied on stiffened
plates using finite element method [14]; whereas [15]
employed an improved moving least square Ritz
method on similar conditions. Also, [16] studied the
effects of in-plane loading on vibration of composite
plates using the finite element method. Buckling of
generally orthotropic rectangular plate under compound
in-plane linearly bending-compressive loading was
studied by [17] using Ritz method. Also, [18] used
boundary element method based meshless solution to
study buckling and vibration problems of orthotropic
plates. The critical buckling load of rectangular plate
was evaluated using integrated force method [19].
Moreover, [20] studied the buckling behavior of
rectangular plates having linearly varying in-plane
loading on two opposite simply supported edges.
However [21], employed ANSYS to study the buckling
behaviour of laminated composite plates subjected to
in-plane loading. Whereas [22] extended the studies to
shells and solid models of homogenous and functionally
graded plates. The buckling and post buckling load
characteristics of all clamped edges thin rectangular
plates using a combination of direct integration and
work principle were studied [23, 24]. Moreover, the
buckling behaviour of composite plates with initial
imperfection was studied by [25] using finite element
method [26], employed asymptotical and non-stationary
finite element methods to investigate different aspects
of static and dynamic response of post buckled thin
plates. A study of large amplitude free vibrations of thin
plates was done using finite element formulations for
arbitrary shapes [27]. Also, [28] developed a simple
formula for such studies to determine the first free
mode of vibration of beams and plates.
Theoretical Formulations
Fig. 1 shows a plan view of a thin, isotropic
rectangular plate, which has its edge constraint
conditions as simply-supported (S), clamped ©, simplysupported (S) and clamped ©, otherwise referred to as
SCSC rectangular plate.

Fig-1: A plan view of thin isotropic SCSC rectangular
plate

The plate’s characteristic dimensions are
defined by a and b as the length and width respectively.
The plate is assumed to be flat and invariant in its
engineering properties of Young modulus, E and
Poisson’s ratio, μ; and it has constant mass density, ρ.
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However, the plate is subjected to
compressively unidirectional loading in x-direction as
shown in Fig. 2. In this work, most of the fundamental
hypotheses for nonlinear thin plate theory are adopted.
Here it is assumed that the plate is capable of carrying
loads beyond the bifurcation point; and it is physically
assumed that the in-plane stiffness of the plate is very
high compared with the lateral stiffness of the plate so
that second-order effects dominate the plate’s
deformation response; and that the plate is expected to
buckle in the pattern of stable equilibrium path.
Therefore, in this work, it is assumed that the
deformation caused by the compressive loads is large
compared to the plate’s thickness, h so that the plate
analysis is shifted from rigid (linear) to flexible
(nonlinear) plate analysis.

*

Fig-2: A rectangular SCSC plate under compressively
unidirectional in-plane loading

Thus, the governing nonlinear differential
equilibrium equations that simulated that of the Von
Karman’s thin plate differential equilibrium equations
are sufficed and are stated accordingly [29, 30]:

̈+
[(

)

]

Where
w = lateral deflection
q = lateral load on plate’s surface
F = Airy’s stress function
h = thickness of the plate
̈ = second derivative of w with respect to time, t.
D = rigidity of the plate, defined as given in (3).

weighting function be defined as V(x,y); and the
variational statement of the plate problem is then given
using Eq. (1) as:

Development of Functional of the Plate Problem
The weak-form variational principle is adopted
to formulate the functional of the plate problem. Let the
∫ ∫

*
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Subsequently integration by parts is performed
on Eq. (4) to trade derivatives from w and F to V(x,y).
The resulting integration is as expressed in Eq. (6):
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which is contained in square bracket is the yielded
functional of the plate problem, and it is also identically
satisfied. For simplicity, it is assumed that the plate
vibrates harmonically and performs sinusoidal time
response, and then the inertia term in Eq. (6) is
expressed as given in Eq. (7):

Where
. The last two expressions
in the curl brackets of the integrands of Eq. (6) are the
yielded natural boundary conditions, and each of them
is identically satisfied at the boundary of the plate.
Consequent upon, they are dropped in the further
analysis of this work. The first expression in Eq. (6),
̈
Where

= cyclic natural frequency.

Substitution of Eq. (7) into Eq. (6) yields Eq. (8).
∫ ∫ *

+

Where

The functional of Eq. (8) is a generic energy
functional for thin isotropic rectangular plates,
formulated by using the weak-form variational method.

network. The polynomial functions which satisfy the
deflection function for each of the beam running along
each of the orthogonal direction and which also satisfy
the geometric boundary conditions are determined.
Thus for x-direction, the polynomial functions that
satisfy the beam deflection as well as the geometric
boundary conditions at first mode are:

Polynomial Displacement Functions
The lateral displacement function for the plate
is developed from the concept that the deflection of
plate is equivalent to the deflections of orthogonal beam
[( )

( )

( ) ]

Similarly for y-direction, the functions are as follows:
[( )

( )

( ) ]

Therefore the plate deflection is given as in Eq. (12).
[( )

( )

( ) ] [( )

( )

( ) ]

Where A12 is undetermined coefficient known as the amplitude of deflection, and it is defined as:

compatibility equation of Eq. (2). By substituting Eq.
(12) into Eq. (2) and performing successive integration,
the expression for stress function F11 due to large
deflection is given as in Eq. (14).

Stress Function
The expression for stress function for SCSC
rectangular plate is determined by performing
successive integration on the Von Karman’s differential
{

}

However, the expression for stress function that includes the influence of axially compressive load is as given in
Eq. (15).
{
}
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Amplitude of Deflection, A12
The amplitude of deflection is a function of the
rigidity characteristics of the rectangular plate under
large deflection, and it is related to the lateral loads on
the plate and to the rigidity of the constraints at the

edges of the plate. For large deflection analysis, both
the geometric and in-plane boundary conditions are
considered. In this work, immovable edge conditions
are assumed. Thus for SCSC rectangular plate, the
general boundary conditions are [31, 32]:

However, in this work, it is assumed that the
uniform normal in-plane loads are applied in the x-

Thus the appropriate functional for SCSC rectangular
plate under unidirectional normal in-plane loadings in
x-direction is given as in Eq. (19).

direction only, which implies that
∫ ∫ *

+

To determine the amplitude of deflection, A12, the inertia term of Eq. (19) is dropped so that Eq. (19) reduces to
expression as given in Eq. (20).
∫ ∫ *

+

∫ ∫

In this work, the weighting function, V(x,y) is defined as given in Eq. (21).
[( )

( )

( ) ] [( )

( )

( ) ]

By substituting Eqs. (21), (14) and (12) into Eq. (20) and performing double integrations as required, and after
simplifying yields Eq. (22).

Let the aspect ratio, β

, or

By solving Eq. (22) in terms of amplitude of deflection A12 yields a real root as expressed in Eq. (24).
,
[

√

*

√

+ -

]

Where

Nonlinear Fundamental Frequency
The nonlinear fundamental frequency is determined by invoking Eq. (19); and the lateral load term is dropped as
expressed in Eq. (30).
∫ ∫ *

+
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Where λ is the eignvalue incorporating the inplane statically applied normal loads. By substituting
for w, F and V from Eqs. (12), (15) and (21)

respectively into Eq. (30); and then performing double
integrations as required and subsequently solving for
eignvalue yields the expression as given in Eq. (31).

[

]

In order to determine the relation between the
fundamental frequency, λ and the axial load P, a
nondimensional process is carried out. Suppose the

axial load P is not applied, that is P = 0, then the
fundamental frequency corresponds to the first mode
nonlinear frequency, ω; and Eq. (31) yields Eq. (32).

[

]

However, in the absence of eignvalue
(fundamental frequency, λ), the load P attains the

nonlinear buckling load Pcr; and it is expressed as in Eq.
(33).

[

]

By dividing Eq. (31) by Eq. (32) yields an expression as given in Eq. (34).
( )
Or in terms of fundamental frequency:
[

]

Hence,
√

Numerical Experiment and Discussion of Results
Numerical experiments in this work involve
the numerical evaluations of the amplitude of deflection
at various aspect ratios; the linear and nonlinear
fundamental frequencies at various aspect ratios
respectively; the linear buckling and nonlinear buckling
loads at various aspect ratios respectively. The plate
parameters adopted in this study are: E = 10.92MPa, ρ
= 100kgm-3, μ = 0.3; a = 1.0m, t = 0.01m, b = open and
β = a/b, which were previously used by [33]. These
parameters are appropriately substituted into Eqs. (24),
(31), (32) and (33) as required. Thus from Eq. 33, the
linear buckling load evaluated at aspect ratio equal to
one, after deleting the nonlinear terms introduced by
the amplitude of deflection, is
. When
this result is compared with the result found in the
previous work in literature [34], the error is 4.90%.
Therefore it implies that the technical tool employed in
this work is satisfactory.

However, Eq. (36) gives an expression which
shows how the ratio of applied compressive load to
nonlinear critical load affects the nonlinear fundamental
frequency. From Eq. (36), it was observed that there are
two bounds (the upper and lower bounds) from which
the value of the nonlinear fundamental frequency
meaningfully varies. For instance, when the ratio is
zero, that is when P = 0, the fundamental frequency
attains the value of natural nonlinear fundamental
frequency; but when the ratio is equal to unity, then the
fundamental frequency attains the value equal to zero,
which is the condition that yields the critical buckling
load. However, in between these two extreme bounds,
the fundamental frequency exhibits decrements or vice
versa from or towards a definite bound as represented
graphically in Fig. 3. Thus from the given expositions,
the design philosophy against dynamic effect or
instability needs very careful formulation whenever inplane statically normal loads are applied.

© 2021 |Published by Scholars Middle East Publishers, Dubai, United Arab Emirates

55

P. D. Onodagu et al, Saudi J Civ Eng, Mar, 2021; 5(2): 50-59

Fig-3: A graphical representation of the variation of nonlinear fundamental frequency with the ratio of applied axial load to
nonlinear buckling load

Fig. 4 shows the graphical values of variation
of the amplitude of plate deflection with aspect ratios.
The amplitude of deflection is the measure of the
rigidity characteristics of the rectangular plate. The

amplitude of deflection is a strong parameter that
influences the nonlinear flexural frequencies of a
rectangular plate based on finite deflection.

Fig-4: A graphical presentation of amplitude of deflection at various aspect ratios.

From Fig. 4, it was observed that there is a
very linearly stiff rise of the graph between the aspect
ratio values of one and two; and from aspect ratios two
to five, the graph exhibits a parabolic curve. However,
from aspect ratio equal to seven to aspect ratio equal to
fifteen, the graph exhibits a kind of plateau. Invariably,
these graphically curve variations of the amplitude of
deflection with aspect ratios are the indications how the
nonlinear terms in all the expressions will affect the
output.

Fig. 5 presents graphs of the variations of
linear and nonlinear fundamental frequencies with
aspect ratios. From Fig. 5, it was observed that between
the aspect ratios one and two, the difference in the
values of linear and nonlinear fundamental frequencies
is palely distinct. Furthermore, it was observed from
Fig. 5 that there is a very sharp drop in the values of
both linear and nonlinear fundamental frequencies from
aspect ratio one to aspect ratio two.
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Fig-5: Graphical presentations of linear and nonlinear fundamental frequencies at various aspect ratios
Also, it was observed that above aspect ratio
equal to two, the difference in the values of linear and
nonlinear fundamental frequencies widens. Moreover, it
was observed that from aspect ratio equal to seven and
above, the variation of fundamental frequency with
aspect ratio becomes almost constant for both of them.
Generally, it hereto deduced that the fundamental
frequency exhibits soft-spring with aspect ratio. Also, it
is deduced that the linear fundamental frequency is
numerically equal to nonlinear fundamental frequency
at aspect ratio equal to and less than one. Finally, it is

deduced that aspect ratio equal to and greater than
seven, the variation in fundamental frequency with
aspect ratio becomes almost constant.
Fig. 6 presents the graphs of the variations of
linear and nonlinear buckling loads with aspect ratios. It
was observed that Fig. 6 takes after Fig. 5. Thus from
Fig. 6 and Fig. 5, it is here thereafter concluded that
there is mapping between eigenvalues and buckling
behaviour of the rectangular plate.

Fig-6: Graphical presentations of linear and nonlinear buckling loads at various aspect ratios
Fig. 7 shows the graphs of the variations in the
ratio of nonlinear buckling load to linear buckling load;

and the ratio of nonlinear fundamental frequency to
linear fundamental frequency with aspect ratios.
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Fig-7: Graphical presentations of ratios between nonlinear and linear buckling loads; and nonlinear and linear fundamental
frequencies

From Fig. 7, it was observed that the graphs of
the variations in the ratios of nonlinear to linear
buckling loads; and of nonlinear to linear fundamental
frequencies at aspect ratio equal to and less than three
respectively are linear and exhibit hard spring types in
their dispositions; and from aspect ratios three to nine,
the graphs cease to be linear but become gently curved.
However, from aspect ratios nine to fifteen, the graphs
exhibit gentle and uniform increases with the tendency
to become plateau.

CONCLUSION
This paper determines analytically the effect of
in-plane statically applied normal loads on nonlinear
fundamental frequency of thin rectangular SCSC plate.
The analytical technique used was the weak-form
variational method in algebraic polynomial shape
functions. From the numerical value of linear buckling
load obtained, and in comparison with the results of the
previous works found in literature, it is here-in
concluded that the weak-form variational principle is a
good analytical technique for tackling the problems of
stability and dynamic analysis of thin rectangular
plates. Furthermore, it is here there-in concluded that
the application of algebraic polynomial displacements
as shape functions yields satisfactory results. Also, from
the analytical and numerical results obtained in this
work, it is here-under concluded that statically applied
in-plane normal loads have reasonable effect on the
nonlinear fundamental frequency of thin rectangular
SCSC plates.
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