@& OPEN ACCESS

Scholars Bulletin

Abbreviated Key Title: Sch Bull

ISSN 2412-9771 (Print) | ISSN 2412-897X (Online)

Scholars Middle East Publishers, Dubai, United Arab Emirates
Journal homepage: https://saudijournals.com

Subject Category: Mathematics

A Note on Lie Algebra of Killing Vector Fields of Locally Rotationally
Symmetric Bianchi Type-1 Spacetime in f(Q)-Gravity

Fakhar Alam**, Muhammad Ramzan?, Muhammad Arslan Rafiq Khokhar?, Sajid Ali?2, Muhammad Kashifé, Sofia Batool*

!Department of Mathematics, The Islamia University of Bahawalpur, Pakistan

2Centre for Advanced Studies in Pure and Applied Mathematics (CASPAM), Bahauddin Zakariya University, Multan, Pakistan
3Department Mathematics & Statistics, University of agriculture, Mathematics & Statistics, 38000 Faisalabad, Pakistan
“Department of Mathematics, University of Narowal, Pakistan

DOI: https://doi.org/10.36348/sh.2024.v10i10.001 | Received: 02.11.2024 | Accepted: 05.12.2024 | Published: 10.12.2024

*Corresponding author: Fakhar Alam
Department of Mathematics, the Islamia University of Bahawalpur, Pakistan

Abstract

The goal of this paper is to derive the Lie algebra of Killing vector fields for the locally rotationally symmetric Bianchi
type-1 spacetime within the framework of f(Q) gravity, where f(Q) gravity is a modified gravitational theory that extends
General Relativity by introducing a function of the non-metricity tensor Q to explore alternative models of gravity. To
achieve this, various algebraic methods and direct integration techniques are employed. Different metric functions are
analyzed, and the associated Killing vectors are determined for each case. It is observed that the spacetime under
investigation can support either4, 6, or 10 Killing vector fields.
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1. INTRODUCTION

The concept of Killing vector fields was
introduced by the German mathematician Wilhelm
Killing in the late 19th century. Killing’s work focused
on exploring the symmetries of a Riemannian or pseudo-
Riemannian manifold. A vector field K is termed a
Killing vector field if it satisfies the Killing equation
LKgaﬁ:O [1, 2]. Locally rotationally symmetric

(LRS) spacetimes are a subclass of Bianchi type models
that exhibit specific symmetry properties. Bianchi type-I
models are homogeneous but not necessarily isotropic,
meaning they have spatial symmetry but not necessarily
uniformity in all directions. Locally rotationally
symmetric models are particularly interesting as they
retain rotational symmetry around a specific axis while
allowing for general homogeneity. These models are
used to study cosmological scenarios where the
universe's large-scale structure possesses certain
symmetrical features [3, 4].

The concept f(Q) gravity represents a
generalization of Einstein's General Theory of Relativity.

Introduced by researchers in recent years, f(Q) gravity is
a modification where the Einstein-Hilbert action is
replaced by a more general function of the Q-tensor. The
Q-tensor, which is related to the torsion of the spacetime
manifold, extends the gravitational theory beyond the
classical framework. Before f(Q) gravity, several
theories of gravity were developed to address various
aspects of gravitational phenomena. Notably, General
Relativity (GR), formulated by Albert Einstein in 1915,
remains the cornerstone of modern gravitational theory.
GR describes gravity as the curvature of spacetime
caused by mass and energy. Other theories, such as
Scalar-Tensor Theories and f(R) gravity (where the
action is a function of the Ricci scalar R), were developed
to address specific limitations and anomalies within the
framework of GR [5-7].

General Relativity, a refined theory of
gravitation, characterizes gravity as a fundamental
feature of spacetime’s geometry. The theory connects the
curvature of spacetime directly to the matter present
through the Einstein field equations [8, 9]. The nonlinear
nature of these field equations makes it challenging to
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identify exact solutions that accurately represent physical
situations. To obtain exact solutions for Einstein's field
equations and to classify them, it is essential to impose
specific symmetry constraints. Among the most
interesting symmetry constraints are Killing, homothetic,
conformal, and self-similar vector fields. These
symmetries offer essential insights into the physical
characteristics of matter and the geometric properties of
spacetime. Our universe permits matter to follow specific

Iizgaﬁzgaﬁ,ﬂKl_'_glﬁKl_'_gaAKl=0’ @)

conservation laws under particular conditions. These
conservation laws can also be explored by examining
various symmetries. This paper focuses on the
classification of the Lie algebra of Killing vector fields
for Locally Rotationally Symmetric Bianchi type-I
Spacetimes in the context of f(Q) gravity. It is important
to note that a vector field K is classified as a Killing
vector field if it satisfies the Killing equation, given by

In equation (1) L denotes the Lie derivative of the metric tensor gaﬁ along the vector field K This operation measures
K

how the metric tensor changes when one flows along the direction specified by the vector field

LRS Bianchi Type | Space Times to Solve Field Equations

The f(Q) gravity action S is [10].

S:j[@JerJd“x -g, ()

Where g denotes the determinant of metric tensor and Lm is the matter Lagrangian. Metric tensor led to equations of

motions upon variation of action, which are [10].

2
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With respect to the non-metricity scalar Q, fQ is the derivative of (Q), Pb

aib

A =T,  ©

. is the non-metricity tensor, Pa is the
ai v bc

super-potential tensor and TbC denote the EMT. LRS Bianchi type-1 was considered as a background metric to solve Eq

(3), which is [1].
ds? = —dt? + o2 ()dx® + 47 () dy? +dz? ],

The functions alpha = alpha (t) and beta = beta
(t) are non-zero functions dependent on the cosmic time
“t”. When alpha = beta, the spacetimes described by
equation (5) become an essential class of solutions in
General Relativity, specifically representing the
Friedmann—Lemaitre—Robertson—Walker (FLRW)
spacetimes. These spacetimes have been extensively
examined within the field of cosmology. Comprehensive
studies on FLRW cosmologies within the context of \(
f(R) \) gravity can be found in various key reviews [11,

K1=2,K2 0 ,K3=2 and K, —Zi—y2

OX - 5 0z oy "oz

Translations along the X, y, and z directions of
vector fields represents the conservation of linear
momentum in each respective direction. Angular
momentum is generated by the rotational symmetry of

12]. This paper aims to classify the spacetimes defined
by equation (5) using conformal vector fields (CVFs) in
the framework of f(R) gravity. This classification will
focus on spacetime components that lead to different
significant forms of spacetime. Notably, when alpha =
beta, the spacetimes in equation (5) reach the highest
dimension for CVFs, as reported in [13]. Conversely, the
spacetimes can also admit a minimum number of Killing
vector fields (KVFs) [14].

()

Killing vector fields (KVFs). The primary objective of
this study is to derive such vector fields within the
framework of f(R) gravity, focusing on the spacetimes
described by equation [5]. For the matter content in this
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paper, a perfect fluid is assumed, with the EMT taking Where p and p are pressure and density of the matter
the standard form for such a fluid. energy of the fluid element along the four-velocity vector
u. The set of field equations have been found upon
T,. =(p+ p)u,u, + pg,., (6) utilizing Egs. (4) and (6) in Eq.(3), which are [15, 16].
1 o ﬂu B 2
Zf-2f,| 222 | £ | |=p, ")
2 af Yi;
_ -
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Where the notation with the overhead dot (.) signifies the derivative with regard to the cosmic time ‘t” are being
considered. Additionally, the non-metricity scalar Q have been calculated for the spacetimes [17], which is

_[B) B
Q- Z(ﬁ] e 10

We are now using to solve equations (7) to (9). This approach helps to decrease complexities in above equations
by involving constraints that restrict the component of the spacetime. Before adopting the above mentioned strategy, we
use certain algebra techniques to simplify the equation:

ap a g () a oy
R | e

Equation [11], was simplified for both linear and non-linear f(Q) gravity. First, let suppose f(Q) is a linear gravity [18].

f (Q) = ClQ +Cy, 12)

where C;,C, €[]. The case, when C, =1 and C, =0 leads to the GR. Choosing f(Q) as a linear, main advantage is that
it reduces complexities of equations of motion (12), equation (11) takes the following form

aLﬂU_i_a_ﬂ Vs [E 2

] =0. As ¢, #0, therefore

C, ——-
of a p \p
2
[ pll m il 0
a (04
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of a p \p
To get solutions of equation [13], we apply applying the observed values of spacetime components
constraints on the space time components. We became in equation [10]. The results were represented in the form
able to calculate non-metricity scalar Q values by of Table as shown in Table 1:

We now extend the linear case by selecting f(Q) to be a power law of the form:

f(Q)=cQ", (14)
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Where c,mel]. The correspondent of linear or

constant f(Q) are not of our interest, suchasm=1orm
= 0 respectively. The reason of taking f(Q) to be of the
form [14], is that it simplifies the cosmological constant
problem. Positive aspect of choosing equation (14) is that

d_ﬂ+a__ﬂ__{£j Q+(m_1)(a__
o

af a p \PB

£ o -0 15
ﬁjQ (15)

a minor deviation from the A cold dark matter is
observed when redshift increases. It was also noted that
f(Q) power law models are also capable of describing
late time acceleration. When equation (14) is combined
with equation (11), we get

As the above equation [15], is highly non-linear and need some restriction on spacetime components, so we solve it for the

following possibilities:
(Al) a = a(t) and S = constant.
(A2) a =constant and g = S(t).

(A3) a =a(t), B=p(t) and a =", where nel] \{0}.

It is easy to observe that equation [15], is
trivially fulfilled for the possibility (Al). It is important
to note that, while evaluating possibilities (A2) and (A3),
there are additional sub-possibilities since we have the
ability to pick the multiple values of index ‘m’ in the
confined region. By implementing such constraints on
the spacetime components, for the possibilities (A2) and
(A3) for the values of the non-metricity scalar Q and
f(Q), are given in the Table 2:

It is important to note that in the setup of f(Q)
gravity to solve motion equations, we have non-metricity
scalar Q two assumed functional forms. The first
scenario involves f(Q) being a linear function of Q,
which, with suitable choices for the constants in Eq [12],
reduces to General Relativity (GR). In the second
scenario, we consider f(Q) gravity in the form of a power
law, as expressed in Eq [14]. Astrophysical point of view
power law gravity models seem more important. Some
significant aspects of these models are as follows. Such
models primarily result in a system of ordinary
differential equations (ODEs), which can vyield
physically realistic outcomes. Notably, power law
gravity models have shown promise in addressing the
cosmological constant problem. These f(Q) gravity
models are considered viable due to their consistency
with cosmological observations and their successful
performance in solar system tests. These laws also mimic

the hypothesises about universe expansion. Positive
aspect of choosing equation [14], is that a minor
deviation from the A cold dark matter is observed when
redshift increases [19]. It also has been observed that late
time acceleration can also be described by power law of
f(Q) models [20]. Additionally, the power law model
highlights a stronger impact of anisotropy compared to
the simple linear model. Considering these
characteristics of the power law f(Q) gravity model, the
outcomes of this study can be divided into two main
categories: cases where the power of the non-metricity
scalar (Q) is positive (as seen in cases (vii), (ix), (X), (xi),
and (xii)) and a case where the power is negative (case
(viii)). Physically, models with a positive power of the
non-metricity scalar (Q) are considered viable for
explaining the inflationary period. Conversely, models
with a negative power of (Q) are associated with dark
energy cosmological models.

A study of Killing motion in deduced classes of LRS
Bianchi type-1 metrics

Considering anisotropic spacetimes within the
framework of symmetric teleparallel gravity can lead to
various astrophysical consequences, offering distinct
perspectives compared to the limitations of general
relativity (GR) and other modified gravity theories. One
persistent challenge in GR, for instance, is that,

Table 1: Solutions of Eq. (13) together with non-metricity scalar (Q)
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Case No meftric components Value of Q
Value of f(Q)
(l) @ = (m3t+ my Jand f# = constant,w?reremS,m4 ell (m3 #0). o=0

£(Q) =m0 +m,.

where my.my € 0.

2
() (m3t+my) . —6m3
11 @ = (myt+my)andf = me ———— wheremy . me €| (ma,md = 0). o=

my (mat +my )2 .
£(0) =m0 +my.

where my.my € 0.

m
5
a=— [2m t+m 4+m and f= [2m t+m _ where - 2
(iif) I A R 0o 2M dmsmy
3 0=

ﬁ4 m5ﬁ4 +m3m6,6'3 -
m .m .m_e[l{m m =0).
3 4 5 3 5
£(0) =m0+ my.

where my.my € 0.

n 1
—_— —_— 2
(IV) o= [(n +2)(my; +m4)](”+2) and f§ = [(” +2)(myy +my )](”"‘2) s 0- =2my (2n +1) -
wheremy.my €] (m3 #0). [(H' +2)(m3t +my )]
£ =mQ+my.
whemml,mz ell.
2
-1 ) 2m3
(V) a:—(m3r+m4) andﬂ:—(m3r+m4),wherem3,m4 e (m3 = 0). 9:72.
(myt+my)
£ =mQ+my.
whemml,mz ell.
2m2
. _ 3
(Vl) a = constant, f = \[2mqt + m, . wheremy.m, €[] (my = 0). Q= ——.
: N e ? (m3r +my )2

F(@) =m0 +mj.

where my.my € 0.

Table 2: Solutions of Eqg. (13) together with non-metricity scalar f(Q)
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Case No. Metric components Value of Q
Value of f(Q)
2 5
s 2mgt + 2my 2 —9my
(Vll) a=constantand f=| ———— | .wheremy.my €[l (my = 0). Q=————
3 2(1‘??3.? + m_1)_
2
f(Q) =<0
=2 5
pes 21!:31 + 2m4 2 -i()m;
(Vlll) a=constantand f=| ——— _n'hgﬁ'ems,mjr 5 (m3 # 0). o= 5
-5 (2myt +2my)"
2
f(Q) =<0
) = —msz
(lX) o = constantand fi = [-3(:!:3!4—»?4)] 6 .wheremy . my ll (my = 0). 0=——
18(mst +my)
1
1@ =<0’
5
2 —10m3'
(X) a = (mjr + m4)_ and ff = (11131 + m4)‘wherem3‘m4 e (Jln3 = 0) Q= E—
(mat +my)
3
f(@) =c0?
2
. =2 Gmy
(Xl) a = (mgt +my) and f=(mgt+my) wheremy.m, Ll (my = 0). Q=—" -
(mgr+my )"
(@ =
. —4}11;‘
(Xll) a = Jnrsr +my and = (mat +my ), wheremy.m, €[] (my + 0). 0=——.
(mgt +my)
7
S(Q)=cO".

Currently, experimental efforts are made for
large scale dark components identification, which make
up most of the energy-matter content, as new
fundamental particles have not yielded definitive results.
One reason for studying anisotropic spacetimes in f(Q)
gravity is that, if spacetime anisotropy exists, it enhances
the alignment of astrophysical systems for observational
studies. Models based on f(Q) gravity appear to provide
natural solutions to various issues related to the dark
aspects of cosmology [21, 22]. Symmetric teleparallel

gravity models in the context of anisotropic spacetimes
may offer a path toward a quantum approach to gravity,
addressing some of the limitations of General Relativity
(GR). At astrophysical scales, one of the benefits of f(Q)
gravity is that it does not inherently require Lorentz
Invariance or the Equivalence Principle, unlike GR.
However, a complex nonlinear system of coupled PDEs
(partial differential equations) is formed by the equations
of motion in f(Q) gravity within anisotropic spacetimes.
There are several important reasons for considering
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conformal motions, a type of spacetime symmetry.
Spacetime symmetries impose valuable constraints that
simplify complex nonlinear equations. These constraints
often emerge from conformal symmetry, which can
transform partial differential equations (PDEs) into
ordinary differential equations (ODEs), making them
easier to solve. The presence of conformal symmetry
thus simplifies computational efforts and facilitates the
analysis of system dynamics. Additionally, studying
conformal motions creates a natural link between
geometry and matter through the Einstein field equations
(EFEs) in symmetric teleparallel gravity. Conformal
motions also give rise to conservation laws, aiding in the
classification of spacetime. The classification
established by the presence of conformal symmetry
holds significance in both astrophysical and
cosmological contexts. In astrophysics, conformal
motion helps describe the intemal structure of the
gravitational field within compact objects. In the context
of anisotropic spacetimes within symmetric teleparallel
gravity, a key area of investigation involves exploring
dark energy cosmological models and their relationship
to astrophysical structures shaped by conformal
symmetry. These structures include compact stars,
gravastars, and black holes. In this section, the solutions
presented in Table 2 are utilized to derive Killing vector
fields (KVFs). The significance of KVFs lies in their role
in generating conformal conservation laws. The
generators of the conformal algebra are useful for
characterizing metrics based on their conserved
quantities, with the conformal factor being crucial in this

process. For example, when the conformal factor
vanishes during the calculation of Killing vector fields
(KVFs), it results in isometries. Essentially, conservation

0
laws are formulated by KVFs. KVF a the existence of

time are linked with conservation of energy. Similarly,
the translations along X, y and z directions are space-like

KVFs (g,ganda2 respectively. These KVFs
Z

X oy

provide results which give rise to the linear momentum
along their respective directions, Likewise, a non-zero
constant conformal factor gives rise to homothetic vector
fields (HVFs). The class of metrics that exhibit this
property is referred to as self-similar solutions in General
Relativity. Conformal symmetry has also been employed
to study various cosmological phenomena [23, 24]. To
achieve similar productive outcomes, this paper uses
equation (1) to examine the conformal motions of the
derived LRS Bianchi type-1 models within the context of
f(R) gravity.

CASE ()
In this case, we have

a= m3t+m4,ﬂ:constant,where ma,m, el (m3 #0).

Now, using the values of & and £ in equation (1) the

spacetime, after suitable proper recycling is altered to
become

ds =—di* + (myt+m,) dx* +dy* +d=>. (16)
K$ =0, (17
m K +(mt+m)Ki=0  (18)
K =0, (19)
K} =0, (20)
—K} +(mgt+m,)’ K, =0, (21)
-K+ K} =0, (22
~K5+K; =0, (23)
(myt + iu*h)l K}l +Ki =0, (24)
(myt +m,)K+ K} =0, (25)
K;+K;=0. (26)

By utilizing the equations (17), (18), (19) and (20) then we get the following system of equations as

K®=A'(x,Y,2) K'= —LJN(X, y, 2)dx +A%(t, y, 2)
myt+m,
K? = A%(t, X, 2) K®=A'(t, X, y) @)
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Where A'(X,Y,z), A%(t,y,z), A¥(t,x,z) and A*(t,X,y) are functions of integration to be determined. Each

solution's result is summarized here, with details omitted for shortness. When Locally Rotationally Symmetric (LRS) f(Q)
gravity models case (i) include ten Killing vector fields, the conditions are described as follows.

After the final calculation, the 10 Killing vector fields from Case (i) are as follows
K® = yne™ +yne™ +zne™ +zn,e ™ +n.e™ +ne ™

K'= t_—[ynle"‘3X —yne ™+ zne™ —zn,e ™ + ne™ —nge ™ |+,
m.t+m
3 4
- e™m,n, e "™'m,n : (28)
K? =tne™ +tn,e ™ +zn, + 4Ly 42 4n,
m3 m3

m m
3 _ msX —MmgX 4 msX 4 —MsX
K* =tne™ +tne ™ —yn, +—n,e™ +—n,e " +n,
3 3

The generator of Killing algebra are

mx O ye™ o mx 0 mMEe™ 0

K, =vye —+te —+ —,
ot mgt+m, ox oy m; oy
K,=ye™ §+ye;g+te’”‘3X £+ M, ﬁ
ot myt+m, ox oy m, oy
K, = emaxg_Lg+temsxg, K4=ze’maxg+ze—i’
ot mgt+m, ox 574 ot myt+m, ox
K5=em3xg—e—£, K6=e’m3xg+e—£, K7=Z£_y£
ot mgt+m, ox ot mgt+m, ox oy °oz
KB:Q, ngﬁ and Km:g
oy OX 0z

Now, Lie algebra of KVFs is what we have now founds, [ X, X, | = X,(X,) — X,(X,) by putting the values of X,

and X, we get the following value [ X,, X, | = aX,
Tabular form can be constructed as follows:

Table 3
] | % X, Xs X4 Xs Xs X; X X, X0
X, 10 aX, | pX, | 0 0 yXg | 0Xs| 0 0 0
X, | —aX; | 0 eX, |0 0 cXs | 0 0 0 0
Xy | =X, | =¢X, |0 nX, |0 0 60Xy | 0 0 0
X, |0 0 -nX; | 0 X, 0 0 0 0 0
X, |0 0 0 -1X, | 0 KX, | 0 0 0 0
Xe | =r X5 | =¢Xs | 0 0 KXy | 0 0 0 0 0
X, | =6X, | 0 -Xg |0 0 0 0 0 0 0
Xg | 0 0 0 0 0 0 0 0 AXp | 0
X, 0 0 0 0 0 AX 0
X0 0 0 0 0 0 0 0
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Where @, ,7,0,€,6,¢,1,0,1,k

CONCLUSIONS

In this research work we have studied the

Killing vector fields along with their Lie algebra. We
used the direct integration technique for finding the
Killing vector fields of LRS Bianchi type-1 spacetime.
Moreover we discussed the Lie algebra of Killing vector
fields on different cases, i.e. Rectangular, Cylindrical
and Spherical coordinates. In this study it is observed that
the dimension of Killing vector fields is 15. Lie algebra
of the KVFs is closed.
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